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Abstract

Over the pastfew years,the traditional separatiorbetween
automatedtheoremprovers and computeralgebrasystems
hasslowly beenerodedasbothsidesventureinto foreignter-
ritory. But despiterecentprogresstheoremproversstill have
difficultieswith basicarithmeticwhile computeralgebrasys-
teminherentlyproduce‘untrusted”resultsthatarenot easily
verified.

We were able to combinesuccessfullytwo suchsystems-
NuUPRL andMATHEMATICA — to build the AutomatedCom-
plexity Analysis(ACA) systemfor analyzingthe computa-
tional compleity of higherorderfunctionalprograms.The
ACA systemautomaticallycomputesand proves correctan
upperboundon the worst-caseiime compleity of a func-
tional programsynthesizedy the NUPRL system.

In this extendedabstractye briefly introduceour framework
for reasoningnformally aboutthe computationatomplexity
of higherorderfunctionalprogramsandoutlineourapproach
to automation. We concludewith a descriptionof emplgy-
ing MATHEMATICA within the trustedNUPRL ervironment
to constructaformal compleity proof.

Keywords: computationatompleity, automateadomplexity
analysishigherorderfunctionalprogramstheoremproving,
computeralgebrasystems

I ntroduction

In a memorableepisodeduring the late 1990s,later to be-
comeknown asthe Pigeon Hole Incident the NUPRL re-
searchgroup at Cornell University was collectively try-
ing to locatethe sourceof inefficiency in a provably cor-
rectstate-minimizatioralgorithmthey hadsynthesizeavith
the NUPRL proof developmentsystem. After an extensive
searchthrough the formal proof library that took several
weeks the problemwaseventuallytraceddown to anexpo-
nentialproof of the pigeonhole principlethatwascitedasa
lemmain themaintheorem .Oncethe causehadbeenfound,
therunningtime of the minimizationalgorithmwasquickly
madepolynomialby rewriting the proof of thelemma.

The Pigeon Hole episodecorvincingly illustrates the
missing link in machine-assistegrogram synthesisfrom
formal specificationsandwas one of the main motivations
that led to the developmentof the AutomatedCompleity
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Analysis(ACA) framawork for reasoningaboutthe com-
putationalcomplexity of higherorder functional programs
(Benzinger2001b). The framework appliesto any formal
systenmbasednoperationakemanticshatcanexpresseval-
uationwithin its termlanguage.

The ACA System

The currentACA system(Benzinger2001a;2001b;2002)
is a referenceémplementatiorthat automaticallycomputes
and provescorrectan upperboundon the worst-casdime
compleity of a functional program synthesizedby the
NuPRL proof developmentsystem (Constable& others
1986). NuUPRL is a powerful environmentfor machine-
assistedproof and programdevelopmentbasedon compu-
tationaltypetheory(Martin-L6f 1983;Constablel991)and
theproofs-as-pogramsprinciple (Bates& Constablel985),
which facilitatesthe extraction and executionof computa-
tional contentfrom formal proofs.

Examplessuccessfullyanalyzedwith the ACA system
include the maximumsegmentsum problem, several algo-
rithmsextractedirom differentproofsof thepigeonholethe-
orem, and sorting algorithmsthat illustrate the differences
betweencall-by-nameand call-by-value evaluation strate-
gies.

Notation

In this paper all terms,including term variables,are setin
typewrit er font, whereasnathematicalariablesdenot-
ing termsor valuesare setin italic font. We will usein-
teger termsand integersreferencedby termsinterchange-
ablyif theintentionwill be clearfrom the contet. To save
horizontalspacen long reductionsequencesye maywrite
t | (in n) winsteadof ¢ | w (in n).

The Computational Complexity of Functional
Programs

While mostformal definitions of computationalcomple-
ity are basedon the Turing machine(TM) or the random
accesgnachine(RAM) model, modernprogramminglan-
guagesfeaturing advanceddata structuresor garbagecol-
lectionincreasinglydemandor moreadvancedcostmodels.
Thisis particularlytruefor functionallanguagesyhosehid-
denevaluationcostcanbe considerablé¢Lawall & Mairson



1996).

Our framework for definingcostmodelsbasedon opera-
tional semanticss bothdescriptve andversatile.By select-
ing differentsemanticswe canrefine our costmeasureso
get arbitrarily closeto a low-level machinemodel suchas
theRAM.

Annotated Semantics

To defineacompleity measurec for anoperationakeman-
tics S thatmapstermsto complexity expressionsye anno-
tateeachrulet | u in S with somecompleity information
nl

t 15 u (inn),

to obtain an annotatedsemanticsS... If we candeduce
t }Se w (in n) in S.c andw is canonical,we write ¢ ||
w (in n) andsaythatt hasvaluew andcompleity n, also
denotedby t* andt, respectiely.

As anexample,consideMNUPRL’s multiplicationrule
ulk, viks

u* v ,L klkz )
We canmeasurdime compleity by defining

U,Lkl (In ’l’Ll), ’U,LkQ (In ’I’Lg)
u*v | kiks (|n ny + no + 1) ’
or spacecompleity by defining

Uikl (In nl), Ul,kz (In ng)
u* v i, ki1ko (|n n1n2)

(mul)

(time)

(space)

or “space-time” compleity by
uikl (In ’l’Ll), Uikz (In ng)
u* v i, k1ko (|n ni +no + lOg(kle)) ’

This discussiornfocuseson the annotatedsemanticsViime
thatmeasureghetime compleity of NUPRL programswith
respecto call-by-nameevaluation:

flAz. b(inng), blu/z] | w(inns)
fulw(inn+ns+1)

(space-time)

(apply)

m {0 (inny), bl w(inns)
(base) i nd(m;b;i,2.8) L w(inng +mna2+1)
m | k>0(inny),
slk/i, i nd(k—1;b;4,2.5) /2] L w (in ny)
i nd(m;b;i,2.8) L w(inny +n2+1)

(step)

For simplicity, MViime assignsunit costto eachreduction
step, but more faithful modelsusing term discrimination
or parameterizeénnotationgo incorporatethe costof the
evaluatorimplementatiorare lik ewise possible. The inter-
estedreadercan find the completedefinition of NViime iN

(Benzinger2001b).
To reasonaboutthe compleity of a given function f,
we supply f with formal argumentsay,...,a, and use

the annotatedsemanticdo determinethe costof reducing
f a1 ... a, tocanonicalform. We definethe resulting

compleity of thisconstructo bethecompleity of thefunc-
tion f, or moreaccuratelythe complexity of f computing
f(a,...,ay,) for arbitrarya;.

As anexample let f bethefunctionterm

An.ind(n; A, y. x50,z Ax,y.zy (x+y)) 01

that computesthe n-th FibonaccinumberF,,. A simple
proofby inductionshaws that

fm Nome F(in 3m + 34 Fyq + ).

Proof. ~ We first shav by natural induction on m* the
strongerstatement

i nd(m; AX, y. X;i ,z.)\x,y.zy(x+y)2 ab
4 Fpqa* + Fp b (in h(m,m, a,b)),

whereh(m, me, ac, be) = 3m+2+Fr1+me+F—1 ac+
F,, b.. Thebasecasem™* = 0 followsimmediatelyfrom

ind(m; AX, y. X;i,z. XX, y. 2y (x+y)) ab

L (in)

ind(0;AX,y. X;1,Z.AX,y.2y (X+y)) ab
L (in1)

(AX,y.X) ab
W (in2+a)

a*,

whereF_; = 1 asusual.For thestepcase assumehat

ind(m—-—1AX,Y...;i,Z.AX,y....) ab

W (inh(m—1,m—1,a,b))
Fo_2a*+ Fp_q1 b

Then

ind(m;AX,y. X;i,zZ2.AX,y.Z Yy (X+y)) ab
4 (inl1+m)

(A, y.ind((m—1*..) y (x+ty)) abd
I (in2)

ind((m—1)%...) b (atb)

~L~lf (In h(m - ]-7 05 B: (I+b))
F,_2b*+ mel(a + b)*

Thefinal valueis equalto Fi,,—1a* + (Fr—1 + Fr—2)b* =
F,,_1a* + F,,,b*. Thetotal compleity is

1+ 1 +2+ h(m —1,0,b,a+b)
= 3+4m+3(m—1)+2+Fy+Fy 2b+F, 1a+h
2410 +3m+ Fo+ Frab+ Froa(@+b+1)
2+m+3m+ (Fp+Fpn1)+ (Fno1+ Fn2)b
+Fm—1d
= h(m)

Theoriginal claim now followstrivially from0 = 1 = 0. O

Higher-Order Complexity

The major challengein developing a formal calculusfor
higherordercompleity is to find theright meango referto
the compleity of unknowvn termswhile maintainingcom-
positionality To describethe complexity of a second-order
termsuchas

(Ag.g 0) f,



wheref is aformalargumentof typeZ — Z, anexpression

like 2 + f + f*0 is intuitively meaningfulbut of limited
value. Obviously, unqualifieduseof the hat notationdoes
not provide ary insightinto the computationabehaior of a

programasX || X* (in X) is vacuouslytruefor eventhe
mostcomplicateccomputationX .

To overcomehislimitation, we usetypedecompositioho
characterizeéhe computationabehaior of f without quot-
ing the actual term structure. More precisely we break
higherorderargumentsnto the valuesand complexities of
their constituentsubtypes,which, onceidentified, can be
uniformly referredto within the calculus.This ideais simi-
lar to Tait's methodof proving the normalizability of finite-
type termst¢ by providing argumentsa, . . ., a,, suchthat
tay ... ay isof atomictype (Tait 1967).

Type decompositioras definedin (Benzinger2001b)is
compositionalwith respectto value and compleity. The
structureof the decompositiordependsuniformly on type.
Givenaformalargumenta of sometyper, weassociatevith
7 alist of higherorderfunctions f; that expressthe values
andcomplexities of evaluatinginstantiationof a while ab-
stractingfrom the actualterm structureof a or ary of its
formalinputsa;. This abstacttypedecompositiorranthen
be usedto reasormeaningfullyaboutthe computationabe-
havior of a.

In general the decompositiorof a term or formal argu-
menta of typery, — --- = 7, = Zis alist of 2n + 2
concreteor abstracfunctions

= va;fOc
dl = fl'v(dl)7flc(dl)

dl)"'adn — fnv(dla-"adn)afnc(dla"'7dn)a

where eachd; is the decompositionof formal agument
a;: ; for a. As asimpleexample,thedecompositiorof the
first-orderfunction A\x. x* x of typeZ — Zis

(M. x*X, 0, (zy,zc) — :z:f}, (Ty,ze) P 22, + 1),

representingthe fact that (z,,z.) is the abstractde-
compositionof formal agumentz: Z and AX. x*x ||
AX. X*x (in 0) and(Ax. x*x) z }{ (z*)? (in 2% + 1).

As the type decompositionof higherorder terms com-
priseshigherorderfunctions,their complexity is naturally
expressedusing higherorder polynomials(lrwin, Kapron,
& Royer 2000). This solution, however, is at odds with
theprevailing first-ordernotion of complexity thatis deeply
rootedin imperative languagesndthe randomaccesana-
chine model. We thus use polynomializationto express
higherorder compleity in first-ordertermswherever pos-
sible.

Symbolic Evaluation

Formal algumentsare metavariablesof our termlanguage
representingrbitrarytype-correcterms.Consequentlyany
expressionnvolving formal algumentss not a properterm
andthusnotunderstoody the evaluationsystem.

To automateour informal compleity analysisdescribed
earlierin this paper we needto extend Niime to asymbolic

semanticsViime in Which the metavariablesof AMiime be-
comeproperterms. This extensioninvolvessymbolicterms
thatsoundlyrepresentlasse®f propertermsin Ngime.
Thecentralbuilding block of NV;ime Or any othersymbolic
semanticgs the symbolic cpx* term usedto represent
classof termsthatexhibit a certaincomputationabehavior:

tlw(inn)
cpx*(m;t) L w(inm+mn)’

(cpx)

The metavariablesv of type 7 of Mime are encodedas
parameterizegsymbolic termsvar * (v; 7). The reduc-
tion rulesfor var * automateour ideaof the abstracttype
decompositionby introducing a type-correctconstructof
cpx* termsthat providescanonicalnamesfor the decom-
positionfunctionsf;, and f;..

Solving Higher-Type Recurrences with
MATHEMATICA

The automaticanalysisof primitive or generalrecursve
functions generatesystemsof parameterizecighertype
recurrencequationgRES)

| Fp1,...,pn)
R(Pl;“"p"’m) - { G(pla""pn’m’R)

for which we requireclosedsolutions Although no com-
pletealgorithmfor finding closedsolutionsto arbitraryREs
exists, we can identify mary important subclassesuch
aslinear equationswith constantcoeficientsor hypeigeo-
metric equationsfor which completealgorithmshave been
found. The finite calculusand the methodof geneiting
functionsn particularhave provensuccessfulor linearREs.

All major computeralgebrasystemsjncluding MATHE-
MATICA, MAPLE, andMUPAD, provide somefunctionality
for solvinggeneralnivariateRE systemsusuallyby means
of generatingunctions. Unfortunately noneof thesesys-
temssupportsmultivariateREs. Insteadof reinventingthe
wheelby creatinga customrecurrencesolver, we reducethe
parameterizetighertypeREsgenerateduringcomplexity
analysisto unparameterizedimple-typeREs. Our result-
ing algorithmfor parameterize®REsis generallyapplicable
andnotlimited to equationgyeneratedy the ACA system.
The procedurds necessarilyncompleteand cannotobtain
closedsolutionsfor all possibleREs,includingthosegener
atedby ACA.

ifm=0
ifm>0

Formal Proof Construction

The compleity resultsreturnedby the symbolic evaluator
areuntrustedn thesensehattheir correctnesdependrit-
ically onthecorrectnessf the evaluatorasawhole. Thisis
an undesirableyet very commonsituation sharedby most
commerciakoftwaretools, which rely on traditionalmeans
of quality control—mostnotably testing—tobuild confi-
dencein theirresults.

Theoremproverslike NUPRL, ontheotherhand,produce
trustedresultsthat are provably correctshort of actualde-
fectsin the computingervironment. In mostof thesesys-
tems, the proof is constructedby a large, untrustedproof



generatoandthenverifiedby asmall, trustedproof checler
whosecorrectnesfiasbeenestablishednceandfor all by
externalmeans.In the caseof NUPRL, this trustedcoreis a
simpletype checkingalgorithmof seseral hundrediines of
Lisp code.

The proof generatoof the ACA systemconstructsa for-
mal NUPRL proofthatassertshecorrectnessf theinformal
compleity resultobtainedoy thesymbolicevaluator As all
suchcompleity theoremsarefully integratedinto NUPRL'’S
standardibrary, theNUPRL proofcheclerautomaticallyen-
suregheir validity.

The use of symbolic algebrasystemswithin a theorem
prover is a novel approacho guaranteghe correctnes®f
theseuntrustedsystems A similar yet oppositeapproachs
taken by THEOREMA (Buchbegeretal. 1997)and ANA-
LYTICA (Clarke & Zhao1992),whichimplementatheorem
proverwithin a symbolicalgebrasystem.

Formal Evaluation

Theequalitytypebuilt into the NUPRL systerris extensional
in thattermssuchas6*9 and42 thatreduceto the same
value are interchangeablén any contect. Alas, this prop-
erty makesit impossibleto reasonabouttermsas opposed
to theirvaluesin the standardheory

To addressthis situation within the ACA system,we
adoptedone of several proposalsfor term reflection(Con-
stable& Crary 2001). Let T; denotethe reflectedterms
of NUPRL. For the purposeof this presentationthe reader
might think of a reflectedterm asa term with a specialtag
(#) that preventsthe identificationof extensionallybut not
intensionallyequalterms.For eachtyper, thereflectedype
[7] compriseghe reflectedtermsof all termsin 7. If tis a
reflectedtermin [r], we write [¢t] for the correspondingin-
reflectedtermin 7.

We definea functionred: Ty — T; + Uni t thatper
forms onereductionstepif possibleand returnsi nr ( ¢)
otherwise.We write ¢, — t, if andonly if r ed(¢;) returns
i nl (t2). We canthenformalizethe evaluationpredicate
t1 JNuime £y (in n) within NUPRL’s logic:

t1 J, to (In n) ==
ti =1 €Ty V
n # 0& ti1—=>1tV
Fu: Tl. El’l’Ll,’l’LQI N. ni + n2 S n&
t1 L u(inng) &ul ty (innsy).
For corvenienceywe definetwo additionalpredicates
t1 44 t2 (In n) ==
t1dta(inn)&red(ty) =inr(o) €Ty + Unit
t1l (inn) ==
Jta: Tq. 1 i,i, to (|n TL)
thatmalke thestatemenbf compleity resultsmoresuccinct.

While we arefreeto decomposabove predicatesn ary

waywelike, theprooftreeof ageneratompleity judgment
t1: Tl, to: Tl, n: N F t; J, to (|n ’I’L)

will usuallybe anexactmirror imageof the symboliceval-

uationtreefor t; | ¢» (in n). The ACA proof generator

translateshetreefor t[a] | w (in n) with formal arguments

a;: T; into a formal NUPRL theoremand a corresponding

prooftacticthatprovesit.

A Formal Example
Thesecond-ordeFibonaccifunction

fibo==
An.ind(n;Af.f 01;
i,z Mz (A y.fy(x+y)))
AX, Y. X

hascompleity fi bo m ||l (in dm+ 5+ m + Fpq1)
asinferredby the symbolicevaluator Statedformally, this
claimbecomes

FYmm,: [N.Vm: N.mllm, (inm) D
appl y#(fibo#;m ||
(in4[[ni] +5+F[[m]+1 +m),

where F,, is ary integer term denotingthe n-th Fibonacci
number Themainproof generatedby the systenreferences
alemmathatcharacterizethebehaior of theinductiveterm

ind(mAf.f OL;i,z. AXf.z (AX,y.fy(x+y)))
usedin thedefinitionof f i bo:

FVm [N. 3r,: [N—-N-—>N) - N].
ind#(m A FE# i # z# NFE#F ) L1, (in1)
& Vri,riv: [N—)N—)N]

VT ics T io15 T 6005 T 400105 I 400015 T j0000: N.
0 D ar g [N]appl y#(rv;rz') W oy
(in4[[ni]+3+ric+ri00+ri0000
+(Fmp1 — 1)(r i1 + I io010)
+(EFmp2 — DI i0001),

whered describeshe computationabehaior of formal in-
putagumentr; of typeN - N — N:

d ==r;lri (inr;)
& Vr TR [I\ﬂ Vrjie: N
Fis 34 i (INT 55¢)
D Al ee: [N — N]
appl Y#(r iy 1 i) LT iow (INT 00 + T iorl iic + 1)
& V1045 T ioiv: [N]. VI goic: N
M ioi b M ioiv (INT j0ic)
D Arioon: [N]
appl y#( I iov; T ioi) ~L~L I ioov
(INT 30000 + T 0001 I i0ic + I ico10 I iic + 1)

Therecursve characteof thelemmasuggests proof by
naturalinductionon m The main difficulty in developing
sucha proof is to derive appropriateinductive hypotheses
for the (in ...) boundsof the statement.Fortunately these
boundsaredeterminedy the symbolicevaluator sotheau-
tomatedconstructiorof the proof becomestraightforvard.
The completeproof treefor above examplecanbefoundin
(Benzinger2001b)or the ACA systemdistribution.

Conclusion

We have shovn how we can combineautomatedheorem
provers and computeralgebrasystemsfor creatingformal
proofsof complexity bounds.Theresultingsystemis prov-
ably correctin the senseof thetheoremproving community
yetharnessethefull power of acomputeralgebrasystem.



We believe that by improving the interface between
NUPRL and MATHEMATICA, we will be able not only to
broadenthe scopeof NUPRL's arithmeticaltacticsbut also
to formalize somepartsof MATHEMATICA'S computation
process.
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